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An examination is made of the l~oblem of determining the tempera- 
tune field of a thin plate, in a finite circular region of which a short- 
duration impulsive energy source acts; equationS for determining the 
temperature field and the heat flux are given. 

A p l a t e  whose t h i c k n e s s  6 is  much l e s s  than i t s  
length  o r  width r e c e i v e s  hea t  f lux q ( r )  p e r  uni t  a r e a  on 
a c i r c u l a r  r eg ion  of r a d i u s  R f r o m  an e x t r a n e o u s  e n e r -  
gy sou rce .  The t h e r m o p h y s i c a l  p r o p e r t i e s  of the  p la te ,  
t h e r m a l  conduc t iv i ty  ~, t h e r m a l  d i f fus iv i ty  a,  and vo l -  
u m e  spec i f i c  hea t  Cv, a r e  a s s u m e d  to be known, and 
independent  of t e m p e r a t u r e .  The p la te  i s  l oca t ed  in a 
m e d i u m  whose  t e m p e r a t u r e  t m is  a s s i g n e d  and t aken  
a s  a r e f e r e n c e  in the ca lcu la t ion .  Because  of the  s m a l l  
t h i c k n e s s  of the p la te ,  the  t e m p e r a t u r e  g r a d i e n t  th rough  
the p la te  dur ing  the hea t ing  m a y  be  neg lec t ed ,  and i t  
m a y  be c o n s i d e r e d  that  the  t e m p e r a t u r e  d i s t r i b u t i o n  
depends  on two p a r a m e t e r s ,  the  c o o r d i n a t e  r and the 
t ime  r.  Since abso rp t ion  of hea t  f r o m  the e x t e r n a l  
s o u r c e  o c c u r s  only in the  s ec t ion  of the  c i r c l e  of a r e a  
7rR 2, i t  i s  exped ien t  to d iv ide  the  p l a t e  in to  two r e -  
g ions ,  wi th in  which  the  t e m p e r a t u r e  d i s t r i b u t i o n  wi l l  be  
d e s c r i b e d  by func t ions  u l ( r  , r )  and uz(r , r )  r e s p e c t i v e l y .  

Hea t  t r a n s f e r  be tween  the p la te  and the m e d i u m  oc -  
c u r s  a c c o r d i n g  to Newton ' s  law, i . e . ,  the  hea t  f lux 
f r o m  the s u r f a c e  of the  body to the  m e d i u m  is  p r o p o r -  
t iona l  to  the  t e m p e r a t u r e  d i f f e r e n c e  be tween the s u r -  
face  and the med ium.  

It may  be shown that ,  under  the  a s s u m p t i o n s  made ,  
the  p r o c e s s e s  of hea t  t r a n s f e r  in r eg ions  1 and 2 of the  
p la te  obey the equa t ions  

F r o m  the condi t ion  of ax ia l  s y m m e t r y ,  

au, or(r" ~) ,=o = O. (6) 

At t i m e  z e r o  the p la te  t e m p e r a t u r e  i s  equal  to that  
of the  s u r r o u n d i n g  me d ium,  a s s u m e d  to be ze ro ;  i. e . ,  

u,  (r, O) = u.. (r, O) = tr = O. (7) 

A L a p l a c e  i n t e g r a l  t r a n s f o r m a t i o n  is  used  to aolve 
the  s y s t e m  (1)-(7) .  

Apply ing  a L a p l a c e  t r a n s f o r m a t i o n  and so lv ing  the 
equa t ions  obta ined ,  we m a y  f ind the fo l lowing e x p r e s -  
s ions  f o r  the  t r a n s f o r m s  Ut ( r  , s) and U2(r , s) of the  
t e m p e r a t u r e s  u l ( r  , r )  and u2(r , r ) :  

Ut(r, s ) =  [I--~tKz(F) Io(FO)I W(s) , 0 . C O g  1, (8) 
s+m 

U 2 (r, s) = I.t I, (ix) Ko (lxP) ~t,s______L_~ , W  P > 1, (9) 
s+m 

where  

R ~ = - - ~ - r  s + m , (lo) 

and W(s) is  the  t r a n s f o r m  of the funct ion q ( v ) / C .  
In the  s p e c i a l  c a s e  when we neg lec t  hea t  l o s s e s  f r o m  

the s u r f a c e  to  the  med ium,  i . e . ,  we take  a = 0, Eqs.  
(8) and (9) m a y  be r e w r i t t e n  in the  f o r m  

au,(r, - a [  a'u'(r' x) 1 du,(r, x) ] O r ,  + r Or 

--mut(r, x) + q(~) T '  o~r~<R,  (I) 

Ou, (r, x) 
ax 

[O'uo(r.x) + 1 0 u , _ ( r , x )  ] _  
= a Or ~ �9 Or ' 

- -  mu., (r, ~), r > R ,  (2) 

2~ 2ct 
m . . . .  (3)  

C cv6 

u , ( R ,  T ) =  u2(R, "0. (4) 

Ouj (R,  "t) Ou: (R,  "t) I 

ar r = u -  (Or It=a" 

The effect  of the e n e r g y  s o u r c e  c e a s e s  at a c ons id -  
e r a b l e  d i s t a n c e  f rom it, and so 

Ou.,. Or ('" T) , = = =  0 (5) 

Ux (r, s) -- [ 1 - -  v Kl (v) Io (vp)] iV (s___)), (11) 
$ 

U, (r, s) = ~ h (~) go (vp) le (s____)), (12) 
s 

w h e r e  v---- R/V~, p=r /R.  
The l a b o r  of going f rom Eqs.  (11) and (12) to the  

funct ions  u l ( r  , r )  and u2(r , r )  depends  a p p r e c i a b l y  on 
the f o r m  of the  funct ion q ( r ) ,  and we sha l l  t h e r e f o r e  
r e s t r i c t  o u r s e l v e s  to the s i m p l e s t  f o r m  of the impu l se ,  
when 

q(x)----t q~ 0 ~ x ~ T i '  
(0, x > T  i. (13) 

Applying the Lap lace  t r a n s f o r m a t i o n  to the function 
(13), we obta in  i ts  t r a n s f o r m  

Q ( s ) =  qo [ l _ e x p ( _ x i s ) l .  (14) 
S 
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The t r a n s f o r m  Ut(0 , s) fo r  the  t e m p e r a t u r e  ul(0 , ~-) 
at  the c e n t e r  of the  p l a t e  is  ob ta ined  f r o m  (11) and (14), 
and has  the  f o r m  

qo [ l__vKl (v ) ]  l - - e x p ( - - ~ i s )  (15) 
U~(O,  s) = T s" ' 

f r o m  which, going to the o r i g i n a l s ,  we find the fo l low-  
ing e x p r e s s i o n  f o r  d e t e r m i n i n g  the t e m p e r a t u r e  at  the  
p la te  c e n t e r  at t i m e  0 -< r --< T i, when an e n e r g y  
s o u r c e  q ( r )  is  act ing:  

u,(O, x ) =  qog { l l - -exp(--z)]- -zEi(--z)} ,  (16)  
C 

w h e r e  z = RZ/4a r .  
F o r  any t ime ,  inc luding a l so  ~ > T i, the fo l lowing 

e x p r e s s i o n  is  val id:  

,0 U I 

- - % ( z - - T  i) 1 - -  ll - -  exp ( - -  Z) - -  Z Ei ( - -  Z) ] , (17)  

where 

1 
Z-- 

(1 - -  TilT) z 

and 
= /O  for  O < ~ < ~ i ,  

Co ( ? - -  % i ) 
t 1 for  z > ~ i -  

If the du ra t ion  of the impu l se ,  ti ,  i s  such that  
exp( - -mvi )  ~ 1, then the r e s t r i c t i o n  that  the p la te  is  
ad iaba t i c  may  be r e m o v e d ,  and the fol lowing equat ion  
used  to ca l cu l a t e  the t e m p e r a t u r e :  

u,(O, x)- qo Texp(- -mT)  ~ l - - e x p ( - - z ) - - z E i ( - - z ) -  
C ! 

--r I - - -~-  )[l--exp(--Z)--  ZEi(--Z)l }. (18) 

F o r  s m a l l  va lues  of the  p a r a m e t e r  Fo  = aT/RZ, Eqs.  
(16)-(18) may  be t r a n s f o r m e d  to a s i m p l e r  fo rm,  u s -  
ing an a sympto t i c  expans ion  of the i n t e g r a l  exponent  
function.  F o r  example ,  when Fo -< 0.2  we may  r e -  
p l a c e  (16) by the s i m p l e r  e x p r e s s i o n  

u ,  (o,  - )  - -  T t - ~--T-., - 4 - ~ - +  _ " 

To eva lua t e  the k i n e t i c s  of the p r o c e s s ,  it is  s o m e -  
t i m e s  d e s i r a b l e  to know the r a t i o  between the amount  
of heat  that  has  a r r i v e d  on the p la te  th rough  i ts  s u r -  
face,  and the heat  ene rgy  that  has  been t r a n s m i t t e d  
up to t ime  r through the boundary  of the reg ion  of a c -  
t ion of the source .  

The t e m p e r a t u r e  g r a d i e n t  at the boundary  of the 
r eg ions  in the t r a n s f o r m s  has  the fo rm 

OU, ( r , s ) . [  = OU.,_ (r, s).[ = 
c~r [r=n Or [r=R 

= v~_ I, (v) K,  (v) 1~ (s) 
R s ' 

(19) 

f r o m  which  the  t o t a l  amount  of heat ,  Qk(s) ,  t h a t  ha s  
p a s s e d  in t i m e  0 to r t h rough  the boundary  of the r e -  
gion r = R ,  wil l  be 

Qx (s) = 2a R2qo I1 (v) K1 (v) W (s) (20) 

To go o v e r  to  the  o r i g i n a l s  we sha l l  u se  an a s y m p -  
to t i c  expans ion  of the  c y l i n d r i c a l  func t ions  [1] 

2 v  1 ( 3 1 )  l l(v)Kl(v)~-~--- 1 . (21) 
8 v 2 

Subs t i tu t ing  (21) into (20) and p a s s i n g  to the  o r ig ina l ,  
we ob ta in ,  f i na l l y  

Q~ (~) = Q(~) 3-~V~ ]/F-'-o(1 - -0 .15Fo) .  (22) 

The t o t a l  amount  of hea t  given out f r o m  the zone of 
ac t ion  of the e n e r g y  s o u r c e  th rough  the a r e a  2 ~rR6, is  
d e t e r m i n e d  fo r  any t i m e  by the equat ion 

Q>, (~ )=  ~ -qoRz  ] /~ - -~  { 1 -  0.15 F o -  a, (T- -* i )  X 

As  was  the  p r e v i o u s  one,  t h i s  equat ion  is  va l id  
when Fo -~ 0 .5 .  To d e t e r m i n e  the t e m p e r a t u r e  at  the  
bounda ry  of the  s o u r c e  r eg ion ,  we use  the a p p r o x i m a -  
t ion  

1 ( 1 1 3 1 ) (24) 
v11(v) K 0 ( v ) ~ -  1 2 v 16 v s " 

Subs t i tu t ing  (24) into (11) and going f r o m  the t r a n s -  
f o r m s  to the  o r i g i n a l s ,  we obta in  

u, (R, x) = q0 x (1 - -  0.376 ]/rF-o--- 0.0564 Fo3/~), 
2C 

0 ~ < T < ~ i ,  F o < l .  (25) 

F o r  t i m e  v a l u e s  v <> r i 

u,(R, ~) - - - -~- - -  q0x { 1 -  0.376 ~ - -  0.0564 Fo a / 2 -  

- -  0.0564 ( a ('~ --  Ti) ;211. 
The  r eg ion  of ac t ion  of the l a s t  two equa t ions  is  l im i t ed  
to v a l u e s  Fo  = ar/ttz > 1. 

The t e m p e r a t u r e  d i s t r i b u t i o n  beyond the s o u r c e  
b o u n d a r y  may  be found in a m a n n e r  s i m i l a r  to the f o r e -  
going.  By r e p l a c i n g  the funct ion vIt(v)K0(vO) by the ex -  
p r e s s i o n  which a p p r o x i m a t e s  to it, and going f rom the 
t r a n s f o r m  to the o r ig ina l ,  fo r  0 < r < r i ,  we find 

u+. (O, Fo) ----- ?~/p(i2erfcx--Al]/F-oi3erfcx-- 

- -  A 2 Fo i 4 erfc x - -  A3 Fo 3,'2 i s erfc x), (27) 
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where  

x =  p - - 1  r - - R  
2 V ~ -  2 V ~ '  

A,= X- 3 +  , A,=-~- 1 5 -  

1 ( 15 
A~= l-- ~- {05 p 

69) 
p p2 ' 

_ _ m + _ ~ +  

The funct ions  ine r fc  x have been  examined  and t a b u -  
lated in  the appendix of the monograph  of r e f e r e n c e  [1]. 
To ca lcula te  the heat  t r a n s f e r  with the su r round i ng  
med ium,  the r ight  side of (27) m u s t  be mul t ip l i ed  by 
exp(--mT) (if exp(- -mri )  ~ 1 and Fo < 1). 

NOTATION 

u 1 and u 2 are  the t e m p e r a t u r e  of the f i r s t  and second 
zones of the plate;  r is a coordinate ;  r is  the t ime ;  R 
is the rad ius  of the source ;  ~ and a are  the t h e r m a l  
conduct ivi ty  and diffusivi ty;  c V is the volume specif ic  
heat;  8 is the plate th ickness ;  C = Cv8 is the heat  c a -  
paci ty  pe r  uni t  a r e a  of the plate;  ~ is the heat  t r a n s f e r  

coeff ic ient ;  m = 2 ~ / C  is the heat t r a n s f e r  ra te ;  e = i / m  
is  the coeff ic ient  of t he r ma l  i ne r t i a  of the plate; q is 
the heat flux; p = r / R  is the d i m e n s i o n l e s s  coordinate ;  
s is the Laplace t r a n s f o r m  p a r a m e t e r ;  10(z), li(z), 
K0(z), Kl(z), a re  the modified Besse l  funct ions  of the 
f i r s t  and second kind and of o r de r  zero  and one; E i ( - z )  
is the in tegra l  indic ia l  function of a rgumen t  z > 0; 
Q(T) = q027rR2T is the amount  of heat  energy  l ibera ted  
in the source  zone in  t ime  "r; Qk('r) i s  the amount  of 
ene rgy  pass ing  a c r o s s  the source  boundary .  
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